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Abstract
In this paper, we show that for a class of nonlinear partial differential equations with arbitrary order
the determining equations for the nonclassical reduction can be obtained by requiring the compati-
bility between the original equation and the invariant surface condition. The nonlinear wave equation
and the Boussinesq equation all serve as examples illustrating this fact.
 2005 Elsevier Inc. All rights reserved.
Keywords: Nonclassical symmetries; Compatibility; Determining equations; Nonlinear wave equation;
Boussinesq equation
1. Introduction
The nonclassical method of reduction was devised originally by Bluman and Cole, in
1969, to find new exact solutions of the heat equation in Ref. [5]. Let us first reformulate
the “nonclassical method” of reduction (in Ref. [5]) in terms of vector fields and their pro-
longations. The nonclassical method could be used for an arbitrary system of differential
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(1 + 1)-dimension as follows:
∆(x, t, u,ut , ux, utt , utx, . . .) = 0. (1)
Suppose the form of Eq. (1) is invariant under a group action on (x, t, u) space given by its
infinitesimals
x∗ = x + X(x, t, u) + O(2),
t∗ = t + T (x, t, u) + O(2),
u∗ = u + U(x, t, u) + O(2). (2)
The invariance requirement is
Γ (n)∆|∆=0 = 0, (3)
where Γ (n) is the nth extension of the infinitesimal generator
Γ = T ∂
∂t
+ X ∂
∂x
+ U ∂
∂u
. (4)
Solving Eq. (3) leads to the infinitesimals X, T and U for the classical Lie point symmetry.
The nonclassical method seeks the invariance of the original equation (1) augmented with
the invariant surface condition
∆0 = Xux + T ut − U = 0. (5)
The nonclassical symmetries are determined by the governing equation
Γ (n)∆|∆=0,∆0=0 = 0. (6)
Solving this governing equation leads to a set of the determining equations for the infin-
itesimals X, T and U . When the determining equations are solved, that gives rise to the
nonclassical symmetries of Eq. (1). Solutions of Eq. (5) leads to a solution Ansatz, which,
when substituted into Eq. (1) gives a reduction of the original equation. When the reduced
equation is solved, then we obtain the invariant solutions under group (2) of the original
equation (1). The solutions obtained by the nonclassical method and the classical method
are different. So the method of nonclassical reduction has been used to find new exact
solutions of nonlinear partial differential equations of physical and mathematical interest.
Moreover, this method leads to the extensions of the symmetry method in Refs. [1,2], for
example, conditional symmetries and partial symmetries. These symmetries all involve
differential constraints. Recently in Ref. [6] Broadbridge and Arrigo have shown that all
solutions of standard symmetric linear partial differential equations have classical Lie sym-
metry. In addition to the nonclassical method, the determining equations are usually highly
nonlinear unlike the determining equations for the classical method which are linear (see
Ref. [4]). The properties and relationships of the nonclassical reduction, the determining
equations of it and the invariant surface condition is worth while to study. We note that
Arrigo and Beckham in Ref. [3] show that the determining equations for the nonclassical
method can be derived as a consequence of the compatibility for the evolutionary partial
differential equations. In this paper, we show that for a class of the nonlinear PDE with
arbitrary order instead of the nonlinear evolution equations, the determining equations for
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equation and the invariant surface condition.
The paper is organized as follows. For motivation, we consider the nonlinear wave
equation in Section 2. We will show that the determining equations for the nonclassical
symmetries of the nonlinear wave equation are quickly and easily recovered. In Section 3,
we will prove that for a class of nonlinear PDE with arbitrary order, compatibility with the
invariant surface condition can sententiously leads to the governing equation for their non-
classical symmetries. The determining equations can be obtained by solving the governing
equation. In Section 3, we will consider the Boussinesq equation illustrating this method
by MATHEMATICA software.
2. Derivation of nonclassical symmetries for a nonlinear wave equation
via compatibility with the invariant surface condition
In this section, we show that the governing equation for the nonclassical symmetries of
the nonlinear wave equation via compatibility is same to the governing equation using the
vector fields and their prolongations. So the determining equations derived by the same
governing equation are same. Firstly, we formulate the governing equation for the nonclas-
sical symmetries of the nonlinear wave using the vector fields and their prolongations.
The nonlinear wave equation:
utt = uuxx. (7)
If we denote the nonlinear wave equation (7) by ∆1, and the invariant surface condition (5)
with T = 1 (without loss of generality, see Ref. [4]) by ∆2 then
∆1 = utt − uuxx, (8)
∆2 = ut + Xux − U. (9)
The determining equations for the nonclassical symmetries of the wave equation are ob-
tained by requiring the governing equation as follows:
Γ (2)∆1|∆1=0,∆2=0 = 0, (10)
where the infinitesimal generator Γ is given by
Γ = ∂
∂t
+ X ∂
∂x
+ U ∂
∂u
, (11)
with the first and second extensions as
Γ (1) = Γ + U[t] ∂
∂ut
+ U[x] ∂
∂ux
, (12)
Γ (2) = Γ (1) + U[t t] ∂
∂utt
+ U[tx] ∂
∂utx
+ U[xx] ∂
∂uxx
. (13)
The coefficients of the operators in (12) and (13) are given by
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U[x] = Dx(U − Xux − T ut ) + Xuxx + T uxt = Dx(U − Xux) + Xuxx, (15)
U[t t] = Dtt (U − Xux − T ut ) + Xuttx + T uttt = Dtt (U − Xux) + Xuttx, (16)
U[tx] = Dtx(U − Xux − T ut ) + Xutxx + T utxt = Dtx(U − Xux) + Xutxx, (17)
U[xx] = Dxx(U − Xux − T ut ) + Xuxxx + T uxxt = Dxx(U − Xux) + Xuxxx. (18)
Invariance of the nonlinear wave equation is given by Eq. (10), which by (12) and (13),
gives
Γ (2)∆1|∆1=0,∆2=0 = U[t t] − uU[xx] − uxxU = 0. (19)
Substituting (14)–(18) into (19) gives the governing equation for the infinitesimals X,
T , U . Solving this governing equation leads to a set of the determining equations for X,
T , U for nonclassical symmetries.
Next we will make use of the compatibility between the nonlinear wave equation and
the invariant surface condition (∆2 = 0) to derive Eq. (19). Total differentiation Dt of the
nonlinear wave equation (7) gives
Dt(utt ) = Dt(uuxx). (20)
Through the compatibility substituting ut = U − Xux into it gives
Dtt (U − Xux) = utuxx + uuxxt = (U − Xux)uxx + uDxx(U − Xux). (21)
Adding Xuttx + uXuxxx to both sides and regrouping give
Dtt (U − Xux) + Xuttx
= U[t t] = uDxx(U − Xux) + uXuxxx − uXuxxx + Xuttx + (U − Xux)uxx
= uU[xx] + Uuxx + Xuttx − Xuxuxx − uXuxxx
= uU[xx] + Uuxx + X(uttx − uxuxx − uuxxx).
By virtue of Dx(utt ) = Dx(uuxx) gives uttx = uxuxx + uuxxx , so it gives the governing
equation (19)
U[t t] = Uuxx + uU[xx].
Following (20), (21) and using ∆2 = 0, Dx(utt ) = Dx(uuxx) we can obtain the governing
equation, then the determining equations for the nonclassical symmetries of the nonlinear
wave are:
UUu
2 + U2Uuu + UuUt + 2UUtu + Utt − XUuUx − 2UXuUx − 2XtUx = 0,
−4XX2u − X2Xuu = 0,
−U + X2Uu + 2UXXu + 2XXt = 0,
−Uu + 2Xx = 0, (a1)
6XUuXu + 3UXu2 + X2Uuu + 2UXXuu + 3XuXt + 2XXtu − 3XXuXx = 0,
−Uuu + 2Xxu = 0, (a2)
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−2XUu2 − 4UUuXu − 2UXUuu − U2Xuu − XuUt − 3UuXt − 2XUtu − 2UXtu
− Xtt + 3XXuUx + XUuXx + 2UXuXx + 2XtXx = 0,
Xu = 0, (a4)
−2Uxu + Xxx = 0. (a5)
Partial differentiation ∂x of (a1) gives
−Uux + 2Xxx = 0. (a11)
Through (a11) and (a5), we obtain
Uxu = 0, (a6)
Xxx = 0. (a7)
Substituting (a4) into (a2) we can obtain
Uuu = 0. (a8)
Substituting (a3), (a4), (a6), (a7) and (a8) into the other determining equations we can
obtain the determining equations:
UUu
2 + UuUt + 2UUtu + Utt − XUuUx − 2XtUx = 0,
−U + X2Uu + 2XXt = 0,
−Uu + 2Xx = 0,
Uuu = 0,
Uxx = 0,
−2XUu2 − 3UuXt − 2XUtu − Xtt + XUuXx + 2XtXx = 0,
Xu = 0,
Uxu = 0,
Xxx = 0.
Then the determining equations of the nonlinear wave equation are derived through the
compatibility. In the next section, we will prove the determining equations for the nonclas-
sical symmetries of a class of more general PDE also can be derived by this method.
3. Derivation of nonclassical symmetries for a class of nonlinear PDEs
of an arbitrary order via compatibility with the invariant surface condition
Consider the partial differential equation
utt = F(t, x,u,ut , utx, . . . , utx(m), ux,uxx, . . . , ux(n−1))ux(n)
+ G(t, x,u,ut , utx, . . . , utx(m), ux,uxx, . . . , ux(n−1)), (22)
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we denote Eq. (22) by ∆1 and the invariant surface condition (5) with T = 1 by ∆2 then
∆1 = utt − Fux(n) − G, (23)
∆2 = ut + Xux − U. (24)
The governing equation for the nonclassical symmetries of (22) are obtained by requiring
that
Γ (k)∆1|∆1=0,∆2=0 = 0, (25)
where k =max{m+ 1, n}. The infinitesimal generator Γ is given in (11), and its kth exten-
sion is given recursively as
Γ (k) = Γ (k−1) +
k∑
i=0
U[t (k−i)x(i)]
∂
∂u[t (k−i)x(i)]
, (26)
where ut(k−i)x(i) = ∂k−it ∂ixu. The coefficients of the operators in (26) are given by
U[t (k−i)x(i)] = Dk−it Dix(U − Xux) + Xut(k−i)x(i+1). (27)
Invariance of Eq. (22) is given by (25) from which we obtain
U[t t] = FU[x(n)] + Γ (k)Fux(n) + Γ (k)G. (28)
Solving this governing equation (28) leads to a set of the determining equations for the
nonclassical symmetries of the nonlinear PDE (22). Next we give and prove an impor-
tant relationship between the extended infinitesimal generator Γ (k) and the total derivative
operators Dx and Dt .
Lemma. If Γ (k) is the extended infinitesimal generator, and Dt and Dx are total derivative
operators, then for any smooth function F(t, x,u,ut , utx, . . . , utx(m), ux,uxx, . . . , ux(n)),
Γ (k)F = Dt(F ) + XDx(F ), (29)
provided
ut = U − Xux. (30)
Proof. From the definition of Γ (k), Dt and Dx , it is clear that
Γ (k)F = Ft + XFx + UFu + U[t]Fut +
m∑
j=1
U[tx(j)]Futx(j) +
n∑
i=1
U[x(i)]Fux(i) (31)
and
Dt(F ) + XDx(F )
= Ft + Fuut + Fut utt +
m∑
j=1
Futx(j)uttx(j) +
n∑
i=1
Fux(i)utx(i)
+ X
(
Fx + Fuux + Fut utx +
m∑
Futx(j)utx(j+1) +
n∑
Fux(i)ux(i+1)
)
. (32)j=1 i=1
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U[x(i)] = utx(i) + Xux(i+1). (33)
Let i = k − 1, k = j + 1 and ut = U − Xux in (27), we can obtain
U[tx(j)] = uttx(j) + Xutx(j+1), (34)
and they give rise to
n∑
i=1
U[x(i)]Fux(i) =
n∑
i=1
utx(i)Fux(i) + X
n∑
i=1
ux(i+1)Fux(i) , (35)
m∑
j=1
U[tx(j)]Futx(j) =
m∑
j=1
uttx(j)Futx(j) + X
m∑
j=1
utx(j+1)Futx(j) . (36)
So to prove Eq. (31) = Eq. (32) it is sufficient to prove
UFu + U[t]Fut = utFu + XuxFu + Fut utt + XFut utx . (37)
Substituting
U = ut + Xux, (38)
U[t] = Dt(U − Xux) + Xutx = utt + Xutx (39)
into it Eq. (37) holds. Then the lemma holds true. 
With the result of this lemma we are now ready to give and prove the main result of the
paper.
Theorem. The determining equations for the nonclassical symmetries of the partial differ-
ential equation
utt = F(t, x,u,ut , utx, . . . , utx(m), ux,uxx, . . . , ux(n−1))ux(n)
+ G(t, x,u,ut , utx, . . . , utx(m), ux,uxx, . . . , ux(n−1)), (40)
can be obtained through compatibility with the invariant surface condition
ut = U − Xux, (41)
where X = X(x, t, u) and U = U(x, t, u) are smooth functions.
Proof. Suppose that the two equations are compatible. Substituting Eq. (41) into the left
side of Eq. (42) gives
Dt(U − Xux) = F(t, x,u,ut , utx, . . . , utx(m), ux,uxx, . . . , ux(n−1))ux(n)
+ G(t, x,u,ut , utx, . . . , utx(m), ux,uxx, . . . , ux(n−1)). (42)
Total differentiation Dt of (42) gives
Dtt (U − Xux) = Dt(F )ux(n) + Futx(n) + DtG, (43)
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utx(n) = Dnx(U − Xux). (44)
Eliminating utx(n) from (43) gives
Dt(F )ux(n) + FDnx(U − Xux) + DtG = Dtt (U − Xux). (45)
Adding Xuttx + FXux(n+1) to both sides and regrouping give
Dt(F )ux(n) + FDnx(U − Xux) + DtG + Xuttx + FXux(n+1)
= Dtt (U − Xux) + Xuttx + FXux(n+1). (46)
By the definition of U[t t] and U[x(n)], it follows that
U[t t] = FU[x(n)] + Dt(F )ux(n) + DtG + Xuttx − FXux(n+1). (47)
Total differentiation Dx of Eq. (40) gives
uttx = Dx(F )ux(n) + Fux(n+1) + DxG. (48)
Eliminating uttx from (47) gives
U[t t] = FU[x(n)] + Dt(F )ux(n) + DtG + X
(
Dx(F )ux(n) + Fux(n+1) + DxG
)
− FXux(n+1)
= FU[x(n)] +
(
Dt(F ) + XDx(F )
)
ux(n) + (DtG + XDxG). (49)
Through the above lemma this equation becomes
U[t t] = FU[x(n)] + Γ (k)Fux(n) + Γ (k)G. (50)
Thus Lie’s invariance condition (25) is derived for Eq. (22). Following the process of the
proof we can obtain Eq. (43) together with the original equation (40) and the invariant
surface condition (41) is equivalent to Eq. (50). So following the above theorem and the
process of the proof we can obtain the determining equations for the nonclassical sym-
metries of Eq. (40) through directly solving Eq. (43) with the substitutions Eq. (44) and
Eq. (48) instead of solving the governing equation (50). 
4. Examples
In this section, we consider the Boussinesq equation to show that compatibility can lead
to the determining equations for nonclassical symmetries. The Boussinesq equation:
utt + uuxx + u2x + uxxxx = 0. (51)
On the one hand, denote the Boussinesq equation by ∆1 and the governing equation (25)
for X, T , U is given by
Γ (4)∆1|∆1=0,∆2=0 = U[t t] + Uuxx + uU[xx] + 2uxU[x] + U[xxxx] = 0. (52)
Through (27) eliminating U[t t],U[xx],U[x],U[xxxx] from (52) and substituting ut = U −
Xux give rise to the governing equation for X, T , U (by MATHEMATICA software).
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substituting ut = U − Xux , uxxxxx = ∂x(−utt − u2x − uuxx) also gives rise to the govern-
ing equation for X, T , U (by MATHEMATICA software). Comparing the two governing
equation, They are same. The determining equations for the same governing equation are
same. The determining equations are
Xu = 0, (b1)
Uxx = 0, (b2)
Uu − 4Xx = 0, (b3)
Uu − 2Xx = 0, (b4)
2Uxu − 3Xxx = 0,
2Uxu − Xxx = 0,
Uuu − 2Xxu = 0,
−2Xu − 4XXu2 − X2Xuu + 4Uxuuu − 6Xxxuu = 0,
U + X2Uu + 2UXXu + 2XXt + 6Uxxu − 4Xxxx = 0,
−X2Xu + 4Uxuu − 16Xxxu = 0,
UUu
2 + U2Uuu + UuUt + 2UUtu + Utt − XUuUx − 2UXuUx
− 2XtUx + Uxxxx = 0,
2Uu + 6XUuXu + 3UXu2 + X2Uuu + 2UXXuu + 3XuXt + 2XXtu − 2Xx
− 3XXuXx + 6Uxxuu − 4Xxxxu = 0,
−2XUu2 − 4UUuXu − 2UXUuu − U2Xuu − XuUt − 3UuXt − 2XUtu
− 2UXtu − Xtt + 2Ux + 3XXuUx + XUuXx + 2UXuXx + 2XtXx
+ 4Uxxxu − Xxxxx = 0.
Through (b3) and (b4), we can obtain
Uu = 0, (b5)
Xx = 0. (b6)
Substituting (b1), (b2), (b5) and (b6) into other equations we can obtain the determin-
ing equations for the nonclassical symmetries of the Boussinesq equation, and it reads as
follows:
Xu = 0,
Xx = 0,
Uu = 0,
Uxx = 0,
Uxu = 0,
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−Xtt + 2Ux = 0,
Utt − 2XtUx = 0.
So the determining equations for the nonclassical symmetries of the Boussinesq equation
can be obtained by the compatibility between the original equation and the invariant surface
condition (41).
5. Conclusions
In this paper, we have discussed for a class of the nonlinear PDE (22) with arbitrary or-
der, which are not the nonlinear evolution equation discussed in Ref. [3], why and how the
determining equations for the nonclassical symmetries can be easily and quickly derived
through the compatibility between the original equation and the invariant surface condi-
tion (41). In fact, following this result and the process of the proof for the above theorem
the determining equations for the nonclassical symmetries of Eq. (22) can be derived by
directly solving Eq. (43) with the substitutions Eqs. (44) and (48) instead of solving the
governing equation (50) through computing the coefficients of the extension of infinitesi-
mal generator Γ using (27). This is an interesting result. For the extensions of nonclassical
symmetries, for example conditional symmetries and partial symmetries, whether the de-
termining equations can be derived by this compatibility is unknown and this is our next
work.
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